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Abstract 
The ground source heat pumps (GSHPs) have been extensively applied to commercial and residential buildings owing to their 
high-energy efficiencies and low running costs. The key component of the GSHP is a ground heat exchanger (GHE). The state-
of-the-art two-dimensional (2D) and three-dimensional (3D) heat transfer models for borehole heat exchanger (BHE) and energy 
pile (EP) systems are reviewed in this paper. The physical procedures of heat transfer and the derivation of energy conservation 
within different channels of BHE (e.g., U-, W-, helical-shaped or coaxial-shaped) are summarized, in addition to the primary 
merits and demerits of each model. The main influencing factors on 2D and 3D model solutions including axial heat transfer, 
friction heat, spacing shack, thermal resistance, thermal short-circuiting between the inlet-pipe and outlet-pipe, are analysed and 
compared. Furthermore, various applications of these 2D and 3D models are elaborated. Finally, the recommendations, 
standpoints and potential future research on BHE heat transfer model are highlighted. It is believed that the work presented will 
contribute to the record of information and experiences necessary to develop BHEs for GSHP systems.   
Keywords: 2D and 3D models, BHEs, EPs, Analytical and numerical approaches, Borehole thermal resistances 
 
1 Introduction 
Air pollution, global warming and energy shortage have been great challenges since the last century. The carbon dioxide (CO2) 
emission from fossil fuel is widely known as the largest contributor to global warming [1]. To ensure energy conservation, more 
attention has been paid on reducing CO2 emissions through numerous ways [2-4]. The transformation from fossil fuel to 
sustainable energy sources has focused mostly on wind [5], solar [6], biomass [7], hydropower as well as geothermal energy [8, 
9]. In this context, the ground source heat pump (GSHP) has already become a prevalent option for heating, cooling and hot 
water source in residential and commercial buildings because of its high-energy efficiency which renders it to be applicable in 
many countries [10-16], with the annual increase of approximately 10~30% in 30 countries over the previous decade [12]. In 
general, GSHPs can be divided into two categories: closed-loop system which is based on the coupling with borehole heat 
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exchangers (BHEs) and open-loop system that utilizes groundwater or surface water directly [17, 18]. Different kinds of BHEs, 
for example horizontal and vertical loops, are used in the modern techniques [19-23]. The main merit of the GSHP systems over 
the traditional air-conditioning (A/C) systems is that they have higher Coefficients of Performance (COPs). This is because the 
soil region can be utilized as a heat source in heating season or as a heat sink in cooling season [24-26]. However, there are two 
main factors that hinder the popularity of GSHP application: land availability and initial cost. The land availability is the first 
issue which should be considered. The cost of installing a deep BHE and the risk of the system failure are high. Normally, the 
payback period varies in the range of 5 to 10 years, making it the key barrier for their exploration and dissemination in the current 
market [25]. It is reported that the GSHP systems provide the largest amount of applied and installed energy resources, accounting 
for about 55.30% of the annual energy utilization and about 70.95% of the global installed capacity respectively. A huge amount 
of GSHP installations took place in Europe, China and North America, increasing from 26 in 2000, to 33 in 2005, to 43 in 2010, 
and to 48 in 2015 [25]. Fig.1 presents the annual energy application and installed capacity during the last period of 20 years.  
 
Fig. 1. The annual energy application and installed capacity of GSHP system between 1995 and 2015 [25]. 
The first known idea of utilizing the soil as a heat source for a heat pump system is presented in a Swiss patent issued in 1912 
[26]. Interestingly, the first successful demonstration of a GSHP system is traced back to 1946 in the USA [27]. At that time, 
Ingersoll and Plass [28] developed a fundamental analytical model for heat conduction within the GSHP system, which served 
as a basis for some later GSHP designs. The next period of intense activity on GSHP development occurred in 1970s after the 
first oil crisis. For this period, the primary focus was to develop the vertical BHE because of its minimal land area needed for 
system installation. Twenty years after that, the BHE heat transfer theoretical models and installation standards were formulated 
[10, 29-31]. In recent years, a relatively novel technology, known as energy pile (EP) which combines the pile foundation with 
heat exchanger to fulfil the building load requirements, has been developed [32]. In the EP system, the BHEs are embedded into 
a cast-in-place concrete pile with a steel frame [13, 33-39].  
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Fig.2. The diagram of BHEs and EP investigated [32, 42, 43]. 
Normally, BHEs are made of high density polyethylene pipes with around 30 mm diameter and a borehole with 150 mm diameter 
[40]. Various configurations involving single-, double-, triple U-tube [41], W-shaped tube [32], coaxial tube [42] and helical-
shaped tube [43] are shown in Fig.2. Some review studies about the BHEs have been done, but the majority concentrate on 
applications and system related work for example heat pump technologies [44], categories of BHEs and GSHP systems [45], 
integrated solutions [46], comparison of heating sources [47], in addition to the status of BHE applications in different regions 
and countries [48-50]. There are many approaches are utilized to analyse the heat transfer performance of the vertical BHE as 
reported in previous researches [51-61], in which it is indicated that the development of the BHE heat transfer models involving 
three stages. The first stage from the 1940’s to 1960’s focused on theoretical models. The second stage from the 1970’s to 1980’s 
concentrated on analytical models. The last stage targeted on numerical models which started with the advent of computers since 
the late 1980’s [51]. More specifically, the line source model proposed by Ingersoll et al. [52] and the cylinder source model 
presented by Carslaw et al. [53] are two examples of the fundamental theoretical methods. They provide the rough 
approximations to the actual heat transfer processes in the BHE systems. Hart and Couvillion [54] proposed the far-field radius 
to simulate the soil temperature variation. IGSHPA [55] developed a soil thermal resistance model within a single BHE based 
on the line source approach, where the superposition principle is adopted to determine the effect of thermal interaction between 
the adjacent BHEs. Kavanaugh [56] improved the cylinder source model to analyse the uneven heat flow rate within a pipe. A 
g-function model, with a dimensionless temperature response factor, is another solution [57] that illustrates the response of a 
single BHE to a unit step heat pulse for estimating the long-term performance of GSHP. A duct storage model (DST) is 
correspondingly defined to predict the total temperature variation based on the spatial superposition method [58]. Meanwhile, 
the 2D finite differential equations are applied to determine the BHE heat transfer rate by using the thermal resistance network 
method [59]. Shonder and Beck [60] analysed the effective ground thermal conductivity by utilizing different soil equations 
based on the finite difference method (FDM) and the Crank-Nicolson scheme. Lee and Lam [61] developed a 3D implicit FDM 
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in a rectangular coordinate system to depict the quasi-steady state heat transfer process within a BHE through an equivalent 
thermal circuit. Nowadays, the research is not only carried out on the traditional BHEs but also expanded to EP foundation BHEs. 
To compensate for the shallow depth of the EP, a helical coil type of BHE is widely used as it can increase the heat transfer [33]. 
Although several recent studies have covered the heat transfer computations like design method, penalty temperature [62], 
parameter estimation [63-65], traditional approaches and quasi-steady heat transfer [12, 66, 67], a review of the recent 
development on 2D and 3D models of the vertical BHE and EP systems is necessary. Heat transfer analysis within a BHE system 
is a big challenge due to the unsteady state and therefore needs to be given more attention.  
Currently, there is a research gap in terms of generalising these 2D and 3D heat transfer models to facilitate better understanding 
of the simulation models as well as advancement of engineering applications for the BHE and EP systems. The purpose of this 
paper is to fill this knowledge gap by providing a review and a systematic summary of 2D and 3D heat transfer mechanisms 
within the vertical BHEs. This work aims to improve the awareness on various assumptions and methodologies for these models, 
in addition to their primary merits and demerits. Furthermore, the recommendations, alternative approaches and some future 
research works are presented. Meanwhile, the key requirements for solving the issues associated with heat transfer within the 
BHEs are identified, such as groundwater movement, thermal interaction among multiple BHEs, dynamic ground surface 
boundary condition, soil property as well as the long-term and short-term influencing factors. Finally, the summaries of the 2D 
and 3D models are provided to help in selecting a proper model for designing the ground heat exchangers (GHEs) as well as 
predicting their energy performances. This paper is organized as follows: a brief background regarding the model development 
is introduced in Section 2 whereas the 2D models of the BHEs are described in Section 3. The 3D models of the BHEs are 
presented in Section 4 while further developments and EP foundation models are deliberated in Section 5. The previous reviews 
on the GHE heat transfer models are given in Section 6 whereas the challenges facing the BHE and the recommendations for 
future research are provided in Section 7. Finally, some critical conclusions are summarized in Section 8. 
2. Brief review of GHE heat transfer model development  
Several studies categorise the BHE models into three types: analytical, numerical and hybrid of analytical and numerical models. 
The classical analytical models normally depend on Kelvin’s line source theory [68] and the cylinder source model [69]. The 
temperature response expression of a specific time at any radius is expressed as the infinite line source model by Ingersoll and 
Plass [70]. Zeng et al. [71] developed an analytical formulation by using the point source method to determine the soil 
temperature variation based on the finite line source theory. In addition, there are other modified models developed from Kelvin’s 
line source method such as Hart and Couvillion’s approach [72] as well as Bose’s method [73]. The cylinder source theory was 
first proposed by Carslaw and Jaeger [69], then modified by Ingersoll et al. [74]. The modified cylinder source theory has been 
upgraded by Kavanaugh [75, 76], Deerman [77], Yavuzutrk [78, 79], Bernier [80] and Young [81]. It is noted that the effects of 
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axial heat flow along the BHE depth, the heat flux across the soil surface and BHE bottom are not considered in both Kelvin’s 
line source and the cylindrical source models, thereby limiting the long-term operation analysis of the GHE systems. Bernier et 
al. [80] studied a multiple load aggregation algorithm to estimate the performance of a single BHE at a variable load through the 
cylindrical source method. Lamarche and Beauchamp [82] developed a novel analytical solution and obtained very similar results 
to those given by Eskilson [83]. Yang et al. [84] described an analytical approach which divides the BHE region into two sections 
with the purpose of analysing the heat transfer mechanism of a single vertical BHE applied to the GSHP system. Various 
numerical and hybrid analytical/numerical solutions have been applied to the BHEs system simulation. Eskilson [66] determined 
the soil temperature variation within the finite length of a single BHE using the two-dimensional explicit FDM. In this model, 
the soil surface temperature is assumed to be a constant value whereas the thermal capacities of the filling material and pipe wall 
are ignored. Meanwhile, the dimensionless parameters referred to as the g-functions, are proposed to depict the thermal behaviour 
of a BHE, whereby the developed g-function curves depend on each BHE field configuration. To clarify the BHE temperature 
variation with time, Yavuzturk [85] improved the Eskilson’s model by considering the effect of the working fluid and the grout 
thermal capacities, such that the g-functions could be applied to calculate the temperature variation during the short-term 
operation period. Hellström [58, 86] illustrated a duct storage model (DST) to estimate the performance of a BHE based on the 
steady-state heat flux. Alternatively, Kavanaugh [56] studied the behaviour of a BHE with a concentric tube based on the FDM 
whereas Rottmayer et al. [87, 88] evaluated the performance of a single BHE by the FDM and discretized both the internal 
components of the BHE and its nearby soil within the cylindrical coordinate system. Likewise, Gehlin and Hellstrom [89] 
analysed the effect of groundwater movement on the thermal response within an infinite BHE using the FDM with regular square 
meshes. Chiasson et al. [90] researched the influence of groundwater flow on the heat transfer rate based on a 2D finite element 
method (FEM) by discretizing a 4×4 BHE model. He et al. [91, 92] proposed a 3D numerical heat transfer model for a BHE by 
using the finite volume method (FVM) known as the General Elliptical Multi-Block Solver (GEMS3D). This method is used to 
analyse the transient heat transfer in and around a BHE. Marcotte and Pasquier [93] proposed a “p-linear” mean temperature 
depended on a 3D numerical heat transfer model to calculate the BHE thermal resistance through the thermal response tests. 
Koohi-Fayegh and Rosen [94] developed a semi-analytical method to estimate the performance of a GHE with respect to 
“thermal pollution” within the ground nearby the BHE. Moreover, Bandyopadhyay et al. [95] studied a semi-analytical model 
for the short time unsteady state response of a BHE with a constant rate of heat production. 
Analytical expressions for heat transfer models are desirable to investigate engineering issues although at times, they are usually 
complicated for widespread applications in some design procedures. For this reason, in the last few years, numerical methods of 
heat transfer model and system design have widely spread through the utilization of modern computers. The FDM seems to play 
a critical role in this field, because it is typically applied to figure out the heat transfer issues [87-89, 91, 96-98]. In contrast, the 
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FEM has gained momentum and was first applied by Muraya [98], followed by AL-Khoury et al. [40, 99-101], Marcotte and 
Pasquier [102] as well as Raymond et al. [103, 104]. Moreover, the FVM has also been employed to analyse the heat transfer 
process within the BHE. One of the earlier studies in this field is given by Yavuzturk [78, 79]. Later, Rees et al. [105, 106] 
proposed an axial-symmetric BHE model by considering the effect of groundwater flow. This model was refined later by He et 
al. [91, 92] to estimate the behaviour of the GSHP system. The following sections 3 and 4 mainly present a detailed review of 
2D and 3D BHE models. The discussion is based on the methods that are frequently used, on top of the models proposed more 
recently.  
3. 2D heat transfer models of BHEs 
Nowadays, models are still a significant field for research and application. They have been treated as important instruments for 
the long-term performance measurement, system optimisation and ground thermal conductivity calculation. Heat transfer 
procedure within a BHE includes many uncertain features, for instance, soil thermal physical properties, groundwater movement 
and building heating and cooling loads over a long lifespan of several or tens of years [12]. For this reason, the BHE heat transfer 
procedure is quite complicated and usually separated into two sections. One section is the soil region, while another section is 
the BHE region, involving the filling material, U-tube pipes and the working fluid within the pipe. Presently, several popular 2D 
models are available to help in heat transfer calculation within the vertical BHE by applying various methods including the 
equivalent diameter method [107, 108], EWS model [109], MISOS model [110], capacity resistance model (CaRM) [111], 
thermal resistance and capacity models (TRCM) [112], in addition to the composite medium infinite line source (CMILS) model 
[77, 113, 114]. These 2D models are described in detail in the following section. 
3.1 Equivalent diameter model 
Gu and O’Neal [115] proposed an equivalent diameter method as the analytical expression for investigating the steady-state 
vertical BHE thermal resistances. Fig.3 presents the transform process based on the assumption that one pipe is concentric within 
an infinite composite region. This approach is depicted by an algebraic equation to combine the working fluid within a U-tube 
into one circular region within the BHE centre. 
 
Fig.3. The schematic diagram of the equivalent BHE method [115]. 
 
 
8 
 
The borehole thermal resistance (Rb) is calculated based on the shank spacing which is expressed as: 
b
eq
b
g
d
ln( )
d
R
2πk
                                                                                                                                                                                  (1) 
eq pD 2d s  , dp<s< Rb                                                                                                                                                              (2) 
Where, Rb is the borehole thermal resistance (K·m/W); kg is the grout thermal conductivity (W/m·K); db is the BHE diameter 
(m); deq is the equivalent diameter (m); dp is the U-tube diameter (m); s is the shank spacing (m).  
The popular equivalent-diameter theoretical method is used in many studies [116-124], which assumes the U-tube within a BHE 
as a pipe of ‘equivalent diameter’. This hypothesis plays a role in simplifying the complicated multi-dimensional geometry to a 
1D hollow cylindrical model. The simplified problem can be solved through either the Laplace transform approach [116] or the 
orthogonal expansion approach [118]. 
3.2 EWS model 
A FEM model for a double U-tube called EWS is developed by Wetter and Huber [109] based on the TRANSYS simulation 
environment with Type 451 module. This approach is comparatively simple and precise for the whole heat transfer procedure. 
In terms of the radial direction, the BHE and its nearby soil layers are divided into equidistance. Meanwhile, in the axial (vertical) 
direction, the soil layers are also classified as equidistant layers without accounting for the axial heat flow even though each 
element has its own thermal properties. 
For the radial direction, the 1D heat transfer model is expressed based on the Crank-Nicholson algorithm as: 
2
2
p
T λ T
t ρc x
 

 
                                                                                                                                                                               (3) 
Where, T is the temperature (°C); ρ is the density (kg/m3); cp is the specific heat capacity (J/kg·°C); t is the time (s); λ is the 
thermal conductivity (W/m·K).  
For the vertical direction, the finite length of a borehole element is expressed as: 
Bl
dl
DimAxi
                                                                                                                                                                               (4) 
Where, dl is the length of a BHE element; Bl is the BHE length; DimAxi is the number of grid points in the axial direction. 
Generally, this model is suitable for a short-term operation. However, Huber and Pahud [124] improved the model to determine 
the temperature variations within the working fluid, grout and the soil nearby the BHE.  
3.3 MISOS model 
To enhance the representation accuracy of the BHE geometry in EWS model, a new model called MISOS is proposed by Oppelt 
et al. [110], which is more concerned with the details of the grout.  
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Fig.4. Three regions of a BHE with double U-tube pipes [110]. 
By comparing MISOS model with EWS model, the grout region is classified into three computational zones, namely, the core 
region, the half annulus surrounding the inlet pipes and the half annulus surrounding the outlet pipes as shown in Fig.4. The core 
region is referred to as a detached region as it has the lowest temperature in the heating season. On the other hand, the remaining 
annular grout region is divided into two parts involving the inlet and outlet pipes. The temperature in each element is obtained 
based on the energy balance. The MISOS model is capable of simulating the BHE heat transfer with a minimal computer time 
(0.1s) compared with CFD simulation time (8 hours).  
3.4 Capacity resistance model (CaRM) 
Carli et al. [111] developed a 2D capacity resistance model (CaRM) to analyse the BHE transient heat transfer performance in 
three different configurations. This method depends on the electrical analogy to deal with the heat transfer issue by using an 
equivalent electrical circuit of thermal capacities and thermal resistances. Meanwhile, the thermal interference among multiple 
BHEs and the fluid flow pattern along the inner pipe are also considered. The model is divided into three sections including the 
soil, BHE and fluid regions. The BHE region is discretized into several layers along its depth and also divided into several slices 
in the radial direction without considering the BHE thermal capacitance. The advantage of this approach is that its computation 
time is lower than that of the FVM model. In the soil region, the considered heat transfer is only the heat conduction neglecting 
the effect of groundwater movement. The BHE and its nearby soil layers are both classified into m slices in the axial direction 
as presented in Fig.5 (a). Each slice is further divided into n annular parts in the radial direction as shown in Fig.5 (b). The 
schematic of the CaRM model is depicted in Fig.5(c).  
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Fig.5. (a) Soil layers; (b) radial direction; (c) axial direction [111]. 
In this model, some assumed conditions are given as follows: 
 The axial direction heat transfer between two overlapped slices is ignored; 
 The temperature variation is based on the radius and time for any annular region; 
 A single vertical BHE is regarded as a cylindrical symmetry; 
Based on these assumptions, the annular region heat transfer equations can be written as: 
Δτ[T( j,i) T ( j,i)]T( j,i 1) T( j,i) T( j,i 1) T( j,i) C( j,i)
R( j,i 1) R( j,i) Δτ
     

                                                                                               (5) 
Where, R is the thermal resistance (K/W); C is the volume thermal capacity (J/kg·K); Δτ is the discretization time step (s); i and 
j are the soil discretization indices in the radial and axial directions respectively; T is the temperature (°C);  
The soil heat capacity is expressed as: 
2 2C(i, j) ρ c π [r (i) r(i 1) ] Δz(j)                                                                                                                                               (6) 
Where, c is the specific heat of the soil layer (J/kg·K); r (i) and r (i-1) are the radii (m); ρ is the soil density (kg/m3); Δz is the 
length of the soil control volume in the vertical direction (m). 
In the BHE region, heat transfer occurs between the BHE and pipe on the basis of the thermal physical properties of the grout 
and pipes as well as the position of the pipes. Fig. 6 depicts the schematic of heat transfer mechanisms for the three configurations. 
Their heat transfer equations are summarized in Table 1.  
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Fig.6. Modelling scheme of the BHE and various kinds of heat exchanger [111]. 
Table 1 Heat transfer equations for three different kinds of U-tube pipe [111]. 
 For pipes For BHE 
Single U-tube 
p,i p,iwi p,i o p,1
conv pp po
T (j) T ( j)T ( j) T ( j) T ( j) T ( j)
0
R (j) R ( j) R ( j)
 
    (i=1,2) 
p,1 0 p,2 00
p0 po
T (j) T ( j) T ( j) T ( j)T( j,1) T ( j)
0
R(j,0) R ( j) R ( j)
 
    
Double U-tube 
w,i p,i p,i p,i p,i p,1
conv ppA ppB
T (j) T ( j) T ( j) T ( j) T ( j) T ( j)
R ( j) R ( j) R ( j)
  
   
p,i p,i 0 p,i
ppA p0
T (j) T ( j) T ( j) T ( j)
0
R (j) R ( j)
 
    (i=1,2, 3,4) 
p,1 0 p,2 00
p0 po
T (j) T ( j) T ( j) T ( j)T( j,1) T ( j)
R( j,0) R ( j) R ( j)
 
   
p,3 0 p,4 0
po po
T (j) T ( j) T ( j) T ( j)
0
R (j) R ( j)
 
    
Coaxial pipe 
w,1 p,1
o,1
i,1 p,1 p,1 i,1
T (j) T ( j)
r1 1
ln( )
2 π r α Δz( j) 2 π Δz( j) λ r

 
      
 
w,2 p,1
o,1 p,2
T ( j) T ( j)
0
1
2 π r α Δz( j)

 
   
 (pipe 1) 
w,2 p,2
o,2
i,2 p,2 p,2 i,2
T (j) T ( j)
r1 1
ln( )
2 π r α Δz( j) 2 π Δz( j) λ r

 
      
 
o p,2
b
grout o,2
T (j) T ( j)
0
r1
ln( )
2 π Δz( j) λ r

 

  
(pipe 2) 
p,2 o o
b
grout o,2
T (j) T ( j) T( j,1) T ( j)
0
r1 R( j,0)
ln( )
2 π Δz( j) λ r
 
 

  
 
 
In the fluid region, the thermal energy balance within each pipe for the j-th layer can be expressed as:  
w pw w,in w,out i w pm c [T (j) T (j)] 2 π r α Δz(j) [T (j) T (j)]                                                                                                             (7) 
Where, mw is the fluid flow rate (kg/s); cpw is the fluid specific heat (J/kg·K); Tw,in and Tw,out are the inlet and outlet temperatures 
(°C) respectively; Tw is the average fluid temperature (°C); Tp is the pipe average internal surface temperature (°C); and ɑ is the 
convective heat transfer coefficient (W/m2·K).  
However, the disadvantage of the CaRM approach is that only a local steady state region for each BHE is considered, ignoring 
the thermal capacities of the filling materials and working fluid. In addition, this approach cannot be applied to simulate the 
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short-term operation. To compensate for these issues, an improvement of the CaRM model has been made by Zarrella et al. [125-
128] as discussed in the following sections.  
3.4.1 Improved CaRM model 
The CaRM model [125] has been improved due to the following reasons: 
 The thermal capacities of the BHE and working fluid should be considered; 
 The short-term operation is considered and should be investigated, on top of clarifying the soil temperature variation; 
 The lateral groundwater movement should be considered; 
 The thermal fluctuations on the aquifer need to be investigated; 
According to Fig.7 (a), the BHE region is classified into two regions: the core and shell regions. As a refined approach, an 
additional thermal node is applied as presented in Fig.7 (b). In this case, the BHE wall thermal energy balance equations are 
revised by considering of the shell thermal capacitance. The improved CaRM model is capable of solving the transient heat 
transfer issue because the BHE thermal capacitances are considered. Moreover, this approach can be used to study the double 
U-tube system. The results from the improved model illustrate that the thermal capacitance of the working fluid is significant for 
the short-term analysis. Meanwhile, the comparison of the simulation results from the improved CaRM model with the COMSOL 
results and the experimental data showed good agreement among them. 
 
Fig.7. (a) The grout core and shell regions; (b) the grout thermal capacitance [125]. 
3.4.2 CaRM-He (CaRM-helical) 
The vertical BHE systems are the most widespread because they require less land area. However, the initial expense of a BHE 
unit is generally higher than that of the traditional air conditioning unit owing to the costs associated with drilling and installation 
of the BHE. For this reason, many researchers and system designers attempt to refine the BHE thermal behaviour so that the 
total BHE length can be decreased. The helical heat exchangers are commonly mounted where the soil temperature is undulated 
because of the ambient air temperature and solar radiation [139]. To address these issues, Zarrella and De Carli [126] proposed 
a CaRM-Helical (CaRM-He) approach to analyse the thermal behaviour of the short helical BHE. In comparison with the original 
model [111, 125], only the soil surrounding the BHE is taken into account and the heat transfer occurs only along the axial 
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direction. Fig.8 presents a description of the proposed CaRM-He approach. As observed, the soil is categorised into the surface, 
BHE and deep parts. For the BHE region, the heat transfer occurs along both the axial and radial directions, whereas the deep 
and surface parts are regarded as pure heat conduction along the vertical direction. 
 
Fig.8. General illustration of the CaRM-He model [126].  
The helical heat exchanger test was performed in Erlangen–Nuremberg (Germany), from which the model simulation results 
were validated by the experimental data with a good agreement. In this model, the pitch between the turns of the helical pipe and 
the axial heat transfer were investigated by considering the local weather conditions. Subsequently, the new version of CaRM-
Helical (CaRM-He) [128] has been used to compare the thermal performance between a double U-tube BHE and a helical-shaped 
pipe at a shallow depth. The interaction between the soil surface and the ambient air is taken into account for both short-term 
and long-term periods. This comparative analysis indicates that the helical-shaped pipe is affected more by the axial heat transfer 
than the double U-tube with the same ground thermal diffusivity. Moreover, the helical-shaped pipe allows a better control of 
the peak load than the double U-tube. This results in a reduced design size of the ground-coupled system in addition to the 
appropriate running control strategies. Furthermore, a helical heat exchanger has superior thermal performance than the 
traditional double U-tube with the same BHE length during the long-term operation period. Hence, a shorter BHE can be applied. 
3.5 Thermal resistance and capacity model (TRCM) 
Bauer et al. [129, 130] proposed a 2D TRCM for symmetrically positioned single, double and coaxial BHE configurations based 
on the delta-circuit model. Fig.9 presents the horizontal cross-sections and the corresponding TRCMs for three types of heat 
exchangers.  
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Fig.9. TRCM model for three kinds of BHEs [129]. 
In all cases, heat transfer occurs between the BHE wall and pipe across the grout region. Specifically, the capacity of the filling 
material is taken into account with one capacity per tube. However, the BHE is categorized into two sections for a single pipe 
loop and four parts for the double pipe loop. For the coaxial BHE, the heat transfer from one tube to the other is in one direction. 
The heat transfer balance equations for the three BHEs are given in Table 2. These results indicate that the TRCM model is more 
suitable for an unsteady state condition. Furthermore, this model can achieve a much higher precision in the transient condition 
compared with the model which does not consider the thermal capacity. 
Table 2 The TRCM heat transfer balance equations [129-130].  
 Single U-tube BHE Double U-tube BHE Coaxial BHE 
The Rfg occurs between the 
working fluid and grout. 
1U 1U 1U 1U
fg conv cond,1 cond,2R R R R    
2U 2U 2U 2U
fg conv cond,1 cond,2R R R R     
The Rff occurs between the 
working fluid and outer 
pipe (for coaxial). 
  CX CX CX CX
ff conv,1 cond,1 conv,2R R R R    
The Rfg occurs between the 
working fluid and the grout 
(for coaxial). 
  
CX CX CX CX
fg conv,3 cond,2 cond,3R R R R    
The Rgb occurs between the 
grout and the BHE wall. 
1U 1U 1U
gb gR (1 x ) R    
2U 2U 2U
gb gR (1 x ) R    
CX CX CX
gb gR (1 x ) R    
The Rgg occurs between the 
two (four) grout zones 
1U 1U 1U 1U
gb ar g1U
gg 1U 1U 1U 1U
gb ar g
2 R (R 2 x R )
R
2 R R 2 x R
    

    
 
2U 2U 2U 2U
gb ar,1 g2U
gg1 2U 2U 2U 2U
gb ar,1 g
2 R (R 2 x R )
R
2 R R 2 x R
    

    
 
2U 2U 2U 2U
gb ar,2 g2U
gg2 2U 2U 2U 2U
gb ar,2 g
2 R (R 2 x R )
R
2 R R 2 x R
    

    
 
 
Thermal capacities of the 
grout regions 
2
1U 2b
g grout a p,grout
π d
C ρ ( d ) c
4 2
      
2
2U 2b
g grout a p,grout
π d
C ρ ( d ) c
4 4
      
CX 2 2
g grout b a,2 p,grout
π
C ρ (d d ) c
4
      
 
3.6 Modified TRCM (MTRCM) model  
To enhance the TRCM precision for the short-term response, Pasquier and Marcotte [131] refined the initial TRCM model [129, 
130] by adding more capacities and resistances. The network with constant inlet, outlet and grout temperatures at the boundaries 
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is shown in Fig.10. To validate the MTRCM model, ten scenarios of thermal properties are investigated using the 2D FEM model. 
These scenarios denote the integration of different BHE radii, material thermal physical properties and pipe spacing. 
 
Fig. 10. The schematic diagram of the MTRCM model [130]. 
The results of the original TRCM are compared with the MTRCM model data as indicated in Fig.11. The figure shows a very 
good agreement as well as fast calculation of the temperature response. It is observed that the MTRCM model is highly enhanced 
compared with the original model.  
 
Fig. 11. The initial TRCM and the MTRCM results [131]. 
Biglarian et al. [132] developed a 2D radial-axial finite volume model to predict both long and short-term responses of the BHE, 
with the resistance-capacity network which is similar to that of the MTRCM [131]. Fig.12 depicts the model discretization 
scheme and its thermal resistance-capacity network. However, there are some differences between the TRCM and MTRCM, 
such as the capacity node location, the distributions of thermal capacities and resistances among these nodes. 
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Fig.12. (a) Discretization scheme for the BHE cross-section; (b) thermal resistance-capacity network [132]. 
To improve the model accuracy, the grout sub-regions are divided into several sub-sections with their corresponding thermal 
capacities and resistances. The results indicate that the 2D radial-axial finite volume model has a good accuracy in predicting 
the BHE thermal response for a long time interval ranging from 1 minute to 10 years. 
3.7 Simplified TRCM (STRCM) model 
Minaei and Maerefat [133] presented a simplified TRCM model as a STRCM, in which the grout is treated as a single region, 
with four nodes within the BHE as shown in Fig.13. 
 
Fig.13. The schematic of the equivalent thermal networks: (a) BHE; (b) STRCM [133].  
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Fig.14. The effects of (a) soil thermal conductivity; (b) grout thermal conductivity; (c) shank spacing; (d) radii of BHE [133]. 
Fig.14 shows the effects of the shank spacing, radii of the borehole, grout thermal conductivity, soil thermal conductivity, on the 
fluid temperature. It is observed that the STRCM model accurately reflects the fluid temperature variation. Furthermore, this 
model is no complicated and there is no limitation on time step for the solution stability, for example, it produces accurate results 
even for the time step as large as one hour.  
3.8 Composite media infinite line source (CMILS) model 
Li et al. [67, 113] proposed a CMILS model for calculating the transient heat transfer processes of the BHEs and EPs based on 
Jaeger’s method [134]. This CMILS model can precisely assess the impact of the grout heat capacity. Additionally, the model is 
also sufficiently flexible to study the different arrangements of channels, for example, spiral-coils, W-, single- and double-shaped 
[67]. As a result, it is essential to investigate these arrangements because most numerical models set various assumptions 
regarding the time features of the thermal procedure [135]. Unfortunately, this line-source model overlooks the influence of the 
heat capacity of the working fluid, which gives rise to some errors. Similarly, the CMILS model [67] is further refined into a 
form that facilitates the numerical calculations in order to meet the engineering requirements [113]. The new model is validated 
by the existing experimental results as shown in Figs.15 and 16. It performs better in the short time operation than the traditional 
line-source model. Yang and Li [114] proposed a 2D CMILS FVM model to assess the short-term operation. The effects of heat 
capacities of the BHE, U-tube wall and working fluid are taken into account. The results reveal that this approach is applicable 
to the operating time shorter than 4 minutes and the system parameters have little influence on the short time behaviour. 
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Fig.15. Temperature comparison between CMILS model and experimental results in different radial direction [113]. 
 
Fig. 16. Working fluid temperature comparison between CMILS model and experimental results [113]. 
3.9 Summary of 2D models 
The 2D analytical models [68, 69] have been developed by making a number of simplifying assumptions and applied to the 
practical projects as shown in Table 3. The general assumptions include overlooking the geometry and BHE thermal capacity, 
rendering the model unsuitable for short-term application, neglecting heat transfer at the BHE bottom. Although the 2D analytical 
solutions require less computing effort, they are less suitable for the design and simulation tasks. The 2D models such as EWS 
[109], MISOS [110], CaRM [111], TRCM [129, 130] and CMILS [67, 113], DST [58], superposition borehole model (SBM) 
[136], can be used to analyse the steady state heat transfer in the plane perpendicular to the BHE, thus reducing the computational 
time [58, 136]. Furthermore, many 2D models are available to evaluate a borehole’s thermal resistance (Rb), for instance the 
Paul’s model [137], Sharquawy model [138], Line-source model [58] and Multipole model [139, 140].  
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Table 3 The comparison of 2D models. 
2D models 
Model 
Name 
Ref. Assumption conditions Boundary conditions Special findings 
Method used Error analysis Scope of Applications 
2D FVM 
model 
Yavuzturk 
C [78, 79] 
1) The impacts at the soil surface 
and bottom of the U-tube are 
ignored; 2) Soil properties are 
uniform; 3) The impacts of pipe 
wall temperature variation with 
the depth is estimated. 
1) The undisturbed soil 
temperature is assumed to 
equal to the far-field 
temperature; 2) The physical 
region is regarded as a semi-
circular region; 3) A constant 
heat flux is used in inlet and 
outlet region; 4) The unit pipe 
thermal resistance keeps a 
constant. 
1) Based on 2D fully implicit 
FVM; 2) A ‘Pie-sector’ 
approximation of the circular 
pipe geometry is carried out; 3) 
The convective heat transfer 
coefficient is gained depended 
upon the Dittus-Boelter 
correlation.  
This approach enable 
to calculate the pipe 
surface temperature 
with a mean relative 
error of ±1% compared 
with the analytical 
solutions. 
1) This model is applied to 
calculate the BHE thermal 
properties for the short-term 
analysis; 2) This model is able 
to calculate the non-
dimensional temperature 
response factor for the short-
term analysis 3) This model is 
utilized to study the transient 
heat transfer model within the 
vertical BHE for short 
timescale response.  
Equivalent 
Diameter 
Model 
Gu and 
O’Neal 
[107, 115] 
1) The steady state; 2) The 
geometry is assumed as an 
equivalent pipe diameter. 
  
 
 
N/A A fully implicit FDM is used to 
calculate the temperature 
variation along with a pipe wall. 
The error analysis of 
water temperature is 
0.5 °C. 
1) The model is suitable to 
simulate a single U-tube of 
BHEs; 2) Focus on 
developing a discretized 
analytical model to estimate 
the effect of grout on the 
performance of a vertical U-
tube BHE. 
EWS model 
Wetter and 
Huber [109] 
1) Ignoring the heat flow in the 
axial direction; 2) Each soil layer 
has a constant thermal physical 
property. 
 
Soil is assumed as constant 
heat extraction. 
1) TRNSYS with the Type 451 
module; 2) The Crank-
Nicholson Schema;  3) Using a 
single lumped capacitance and 
conduction method. 
N/A 1) The model is suitable to 
simulate a double U-tube pipe 
of a BHE during the short-
term step period; 2) The 
model is used to evaluate the 
transient performance of a 
single BHE with a  double U-
tube pipe. 
MISOS 
model 
Oppelt et al. 
[110] 
This model is depended on the 
hypothesis that both inlet pipes are 
close to each other. 
The element connects three 
quarters of the circumference 
of both inlet pipes, the soil and 
core with half of the borehole 
circumference as boundary. 
This grout region is classified 
into three computational zones, 
namely, the core region, the half 
annulus surrounding the inlet 
pipes and the half annulus 
surrounding the outlet pipes.  
1) The maximum 
shank spacing was 
found to cause the 
biggest error, reaching 
15%. 2) The minimal 
shank spacing was 
found to cause the 
biggest error, reaching 
5%.  
1) MISOS model provides a 
more detailed consideration 
of the grout in BHE with 
double U-tube pipe; 
2) It allows the fast simulation 
of 1 year;  
3) The MISOS is applied to 
calculate the heat distribution 
in the BHE with double U-
tube pipe. 
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CaRM 
model 
Carli et al. 
[111] 
1) For soil region, it is regarded as 
heat conduction without time; 2) 
The undisturbed soil temperatures 
are regarded as independent of 
time; 3) Heat flux along the 
vertical direction is ignored, while 
it is taken into account along the 
radial direction; 4) The thermal 
capacity of the ground is 
considered, but the thermal 
capacity of grout and working 
fluid are ignored; 5) Heat transfer 
at the bottom of the BHE and soil 
is not considered; 6)Thermal 
resistance is assumed without 
time; 7) The BHE wall 
temperature is assumed as 
uniform. 
1) The temperature is regarded 
as equivalent to the 
undisturbed soil temperature at 
r>r-max; 2) Assumed the 
annual average temperature is 
defined as boundary at the soil 
surface; 3) This mean working 
fluid temperature is assumed 
equivalent to the outlet 
temperature; 4) The maximum 
radius is assumed as 10m; 5) 
The undisturbed soil 
temperature has been set to 
13.3°C and flow rate is 0.64 
kg/s. 
 
1) Depended upon the electrical 
analogy; 2) a local steady state 
heat transfer is taken into 
account; 3) For soil region, the 
discretized differential equations 
are obtained by FVM; 4) For 
BHE region, the discretized 
differential equations are solved 
by FEM.   
The soil temperature 
error is about 0.35°C 
between numerical and 
test results. 
 
 
1) CaRM model can simulate 
the performance of the BHEs 
with the single, double and 
coaxial pipes under transient 
conditions; 2) CaRM method 
is applied to analyze the 
working fluid and the soil 
temperature variation at 
various depths and distances 
from the axis of BHE; 3) 
CaRM model can calculate 
soil temperature in time and 
space.  
 
CMILS 
model 
Yang and Li 
[114] 
Through these heat balance 
equations, the time scale can be 
calculated by 2t ~ (Δr) / α1 . 
 
Region r < rb denotes one 
medium; region r > rb denotes 
another medium. 
Based on the Jaeger’s method, as 
well as, the infinite line-source 
theory in composite solids. 
1) This maximum 
difference is about 6% 
at the location of BHE 
wall between 
numerical results 
model and testing data; 
2) The relative errors 
are all smaller than 
10%; 3) The absolute 
errors are about 
2~3 °C.  
1) CMILS model is for 
calculating transient heat 
transfer processes of BHEs 
and energy piles during short-
term operation period; 2) To 
analyse transient heat transfer 
inside and outside BHE.   
Improvement 
CaRM 
Zerrella et 
al. [125] 
 
1) For soil region, it is regarded as 
pure heat conduction without time; 
2) Heat flux along the radial 
direction is taken into account; 3) 
Thermal resistance is assumed 
without time; 4) The ground 
thermal conductivity is assumed 
about 1.75W/(m·K); 5) The 
ground heat capacity is assumed 
about 2.4 MJ/(m3·K). 
1) The temperature is regarded 
as equivalent to the 
undisturbed soil temperature at 
r>r-max; 2) The maximum 
radius is assumed as 3.5 m;  
3) The undisturbed soil 
temperature has been set to 
15°C and flow rate is 0.76 
kg/s. 
1) Depended upon the electrical 
analogy; 2) The effect of the 
thermal capacities of BHE is 
considered; 3) Thermal core 
node is used; 4) The BHE wall 
heat balance equation is 
modified. 
The outlet fluid 
temperature difference 
between simulated and 
measured reaches a 
maximum value of 1K. 
1) The thermal capacities of 
the grout and of the working 
fluid are considered; 2) To 
resolve the heat conduction 
equation under transient state 
for the double pipe loops; 3) 
To resolve the heat transfer 
for the short time analysis; 4) 
Short-time step simulations. 
CaRM-He 
Zerrella et 
al. [126] 
 
1) Heat conduction is occurred in 
the radial direction on the deep and 
surface regions; 2) 2D heat 
conduction occurs within the 
borehole zone; 3) The absorptivity 
1)The ambient air temperature 
is regarded as boundary 
condition at the soil surface;  
2) The undisturbed soil 
temperature (8°C) is regarded 
1) The axial heat transfer and the 
weather conditions are 
considered; 2) Considering the 
the effect of the pitch between 
the turns of the helical pipe. 
The maximum 
difference on BHE 
wall temperature is 
equal to around 1°C. 
1) CaRM-He model is used to 
analyse the thermal 
performance of the helical 
BHE with short length; 2) To 
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and the emittance of the soil 
surface are supposed equal to 0.7 
and 0.9, respectively. 
 
 
as boundary condition at 10 m 
beyond the bottom of the BHE. 
 
 
 
 
analyse the short-time step 
simulations. 
 
 
TRCM 
model 
Bauer et al. 
[129, 130] 
1) The BHE wall is shown with 
one single node. 2) The BHE 
nearby ground is regarded as 1D 
model by a FEM. 
 
 
This boundary conditions: 
jn
k k k
j
k 1 k
ρ c υ
C
R
 , j=1…n  
1) Based on the delta-circuit 
model and the multipole method. 
The difference of 
TRCM presents only 
about 5.8%. 
1) The TRCM model is great 
suited for combination into 
unsteady state heat transfer 
simulation programs; 2) The 
TRCM model is capable of 
achieving a higher precision 
in depicting the heat transfer 
process for different 
configurations of the BHE;  3) 
To determine the BHE 
performance for the short-
time operation. 
MTRCM 
model 
Pasquier 
and 
Marcotte 
[131] 
This assumption condition is same 
with the TRCM model. 
1) The boundary conditions:  
jn
k k k
j
k 1 k
ρ c υ
C
R
 , j=1…n   
2) On the upper external 
boundary, a semicircle of 
radius rs =20m, a temperature 
of Tg = 10 °C is used. 
1) Based on the Delta-circuit and 
original TRCM model;  
2) To better consider the spacing 
between the pipes. 
This model precisely 
obtains the results for 
times as short as 10s.  
1) This MTRCM model could 
concentration only on BHE 
with single U-tube and could 
readily be extended to other 
BHE arrangements; 2) 
MTRCM is to enhance the 
accuracy for short times 
response. 
DST model 
Claesson 
and 
Hellstrom 
[ 140] 
1) The soil region is assumed as a 
pure heat conduction; 2) The soil 
thermal properties can be regarded 
as a constant values; 3) The 
capacitive effects of soil, grout and 
working fluid regions are 
neglected; 4) The thermal 
interaction is considered among 
each borehole.  
1) The pipe wall temperature 
and heat flux are assumed as 
constant values; 
2) The fluid enters a pipe with 
a uniform velocity.  
1) the heat flow between the 
BHE wall and pipe wall is 
calculated by a thermal 
resistance (Δ-circuit); 2) The soil 
storage volume with multiple 
BHEs is divided into two 
categories: “local” and “global” 
region. 
N/A 1) DST model is known as the 
basically method, even 
though it is usually used to 
simulate large and compact 
heat storages. 2) DST is 
usually used to simulate large 
and compact heat storages; 
3）DST can solve the issues 
of short-term operation. 
B2G model 
Ruiz-Calvo 
F, Rosa 
M.D [141-
143] 
1) Neglecting vertical heat 
conduction effect; 2) The 
maximum thermal resistance is 
assumed as a limit between the 
pipe nodes.  
Based on the BHE geometries. Depended upon a 2D thermal 
network approach.  
A max absolute error of 
0.3 K between test and 
numerical results.  
1) B2G model is utilized to 
analyse the dynamic thermal 
performance of each 
component over a period of at 
least 10-15 hrs; 2) B2G model 
is concentrated on the short-
time performance calculation; 
3) To reduce the number of 
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parameters as much as 
possible.  
A homespun 
2D model 
Kuzmic et 
al. [144] 
1) The grout within the BHE is 
assumed as ground part; 2) A COP 
of 3.5 is regarded as a constant 
operating for heating and cooling 
system. 
 
1) This heat flux Neumann 
boundary condition;  
2) A constant temperature 
Dirichlet boundary. 
Based on equivalent u-tube 
geometry, FVM and Gauss–
Seidel method.  
The model is verified 
by test and an 
analytical method with 
the max error of 5.8% 
and 1.3%, respectively.  
1) The homespun 2D FVM 
model could analyse heat 
transfer in GSHP systems; 2) 
B2G model is used to analyse 
the soil fouling and ensures 
appropriate long operation 
time of the GSHP systems.  
 
  
Semi-
analytical 
model 
Belzile et 
al. [145] 
1) Soil thermal physical properties 
is assumed as constant; 2) The soil 
nearby a BHE is regarded as a 
square control volume; 3) The 
conduction issue is regarded as an 
independent of depth. 
1) The boundary temperature 
is constant at T = Ta; 2) The 
inner BHE is regarded at a 
constant temperature T = Tb. 
1) Based on a 2D CVFDM; 
2) A point-by-point Gauss–
Seidel iterative approach. 
 
1) The outlet fluid 
temperature error 
between DST model 
and proposed model is 
at most 0.03°C, with an 
average of 0.009°C; 2) 
The absolute error 
between DST model 
and proposed model 
peaked at 0.15°C, with 
a mean of 0.07°C. 
The model permits 
independent inlet conditions 
for each BHE. 
New 2D 
analytical 
model 
Lamarche 
[146] 
The internal core is assumed to 
become a well stirred fluid, with a 
single bulk temperature.  
1)  Soil boundary condition:  
g s 0T (r,0) T (r,0) T 
g b s bT (r , t) T (r , t)  
bb
g s
g s
r rr r
T T
k k
r r 
 
  
 
 
2) Inner core boundary 
condition: 
e
g2 'f
i p f b e g
r r
dTdT
πr (ρC ) q 2πr k
dt dr

   
e
f g g
e g'
p r r
T T dT
2πr k
R dr


   
Depended upon the concept of 
equivalent radius. 
The error is agreement 
with the result of Javed 
and Claesson’ model 
and the modified 
version of Beier and 
Smith’ model.  
1) This model could easily 
gain outcomes for various 
arrangements and time scales; 
2) This model could solve 
heat transfer issue between 
working fluid and ground.  
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4. 3D heat transfer models of BHEs 
The 3D representations should be considered for an accurate BHE model. A great number of 3D numerical models have been 
developed based on the numerical approaches, such as FEM [112, 140, 147], FVM [148-151] and FDM [152-154]. In terms of 
the computational requirements, many methods are used to decrease the grids of the BHE elements, including Al-Khoury model 
[99-101], Nabi model [151, 152], Mottaghy and Dijkshoorn model [153], Diersch model [154, 155], Cui model [156], 3D 
MTRCM [131] and MDF models [157-159]. This section describes a detailed review on 3D heat transfer models for the vertical 
BHE system.   
4.1 Al-Khoury model 
Al-Khoury et al. [99, 100] presented two 3D models for a single U-tube BHE by the FEM. In the first model, a novel 1D heat 
pipe component along the BHE depth is adopted to analyze a virtual 3D heat flow within a normal BHE whereas in the second 
one, a 3D element is used to evaluate the groundwater flow and coupled heat transfer. The thermal interaction between two legs 
of the U-tube is considered in the partial differential equations by using a 1D model to represent the BHE heat transfer. 
Consequently, Al-Khoury et al. [100] extended the model to a 3D transient heat flow model for the vertical BHE with a double 
U-tube loop. The governing differential equations for the single and double U-tubes are shown in Table 4, expressed in terms of 
the heat flow, groundwater flow, energy conservation, initial and boundary conditions. 
These two models address the steady and transient heat flows for a shallow geothermal system. The focus is placed on the vertical 
single and double U-tubes as well as their thermal interactions. Afterwards, Al-Khoury et al. [101] developed a 3D transient heat 
transfer model for multiple BHEs, which is verified by the experimental results gained from a shallow BHE system. This model 
is applied to analyse the thermal interactions among the BHEs components. Meanwhile, the effects of thermal resistance and the 
FEM discretization are also studied by using the energy balance equations. 
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Table 4 The governing differential equations for the single and double U-tubes [99, 100]. 
Ref. The heat flow rate within soil region The conductive-convective heat flow within the BHE region Initial and boundary conditions 
Steady state heat 
transfer [99] 
For a steady state heat transfer, the equation is 
given as: 
 
s s s
w w x y z
T T T
ρ c (q q q )
x y z
  
 
  
2 2 2
s s s
x y z2 2 2
T T T
λ λ λ H 0
x y z
  
    
  
 
For a steady state, this net heat flow into BHE components is written as: 
iz
i io i o io ig i g ig
q
dV b (T T )dS b (T T )dS
z

   

 
oz
o oi o i oi og o g og
q
dV b (T T )dS b (T T )dS
z

   

 
gz
g gi g i gi go g o go
q
dV b (T T )dS b (T T )dS
z

   

 
The first condition:  
 
T=T(z) Ti=T(z=0) 
 
The second condition:  
g
g sg g s
T
λ b (T T )
n

  

 
Transient heat 
transfer [100] 
For a transient heat transfer, the equation is given 
as:  
 
s s s s
w w x y z
T T T T
ρc ρ c (q q q )
t x y z
   
  
   
2 2 2
s s s
x y z2 2 2
T T T
λ λ λ H 0
x y z
  
    
  
 
For a transient state, the net heat flow into BHE components is written 
as: 
2
i,1 i,1 i,1
r i,1 r i,1 r i,1 i,g1 i,1 g ig,12
T d T T
ρc dV λ dV ρc u dV b (T T )dS
t dz z
 
   
 
 
2
i,2 i,2 i,2
r i,2 r i,2 r i,2 i,g 2 i,2 g ig,22
T d T T
ρc dV λ dV ρc u dV b (T T )dS
t dz z
 
   
 
 
2
o,1 o,1 o,1
r o,1 r o,1 r o,1 o,g1 o,1 g o g,12
T d T T
ρc dV λ dV ρc u dV b (T T )dS
t dz z
 
   
 
 
2
o,2 o,2 o,2
r o,2 r o,2 r o,2 o,g 2 o,2 g o g,22
T d T T
ρc dV λ dV ρc u dV b (T T )dS
t dz z
 
   
 
 
2
g g
g g g g2
T d T
ρc dV λ dV
t dZ



 
ig,1 g i,1 ig,1 ig,2 g i,2 ig,2b (T T )dS b (T T )dS     
og,1 g o,1 og,1 og,2 g o,2 og,2b (T T )dS b (T T )dS     
Initial condition: at time t=0, the 
temperature variation in the heat pipe 
is shown as: T=Ts(z,0) 
 
The first condition: T=T(z,t) 
 
The second condition:  
g
g sg g s
T
λ b (T T )
n

  

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4.2 Nabi FVM model  
A 3D transient heat transfer model based on the FVM for shallow geothermal systems is proposed by Nabi and Al-Khoury [151, 
152]. Two regions are adopted in this model, one representing the soil region, and another represents the BHE region. The 
influence of groundwater on the soil layer, the impact of working fluid on heat transfer rate, and the thermal interaction between 
the BHE and the nearby soil are considered in this model. For the soil region, the governing equations are discretized through an 
integration of a local Cartesian mesh and a multigrid with the hierarchical tree data arrangement. The groundwater flow is 
assumed to be at steady-state and the heat exchange occurs within a fully confined ground layer, for which the trainset soil heat 
transfer equations, initial and boundary conditions are presented in Table 5. 
Table 5 The trainset heat transfer equations of the soil, BHE, initial and boundary conditions [151, 152]. 
Soil heat and continuity equations 
The unsteady state heat flow equation is written as: 
w w
T
ρc (λ T) (ρ c v T) H(x,y,z)
t

      

r
 
Soil boundary and initial conditions 
In terms of the fluid flow, the initial condition in the soil, at time =0, is given as:  
0φ(x,y,z,0) φ (x,y,z)  
The boundary condition is given as: 
1φ(x 0,y,z) φ  , on x=0 surface 
2φ(x L,y,z) φ  , on x=L surface 
In terms of the heat flow, the initial condition in the soil, at time =0, is given as the 
steady-state condition:  
T(x,y,z,0) f (x,y,z)  
The boundary condition is given as: 
T(x,t)=f(x,t) on a point or a surface x. 
as s aλ Tn b (T T )   on the surface in contact with the air. 
gs s g
T
λ b (T T )
n

 

 on the surface in contact with a BHE. 
BHE equations 
Inlet pipe: 
2
i i i
r r r i g g i2
T T T
ρc λ ρc u b (T T )
t z z
  
   
  
 
Outlet pipe: 
2
o o o
r r r o g g o2
T T T
ρc λ ρc u b (T T )
t z z
  
   
  
 
Grout: 
2
g g
g g i g i g o g o g g s s g2
T T
ρc λ b (T T ) b (T T ) b (T T )
t z
 
      
 
 
BHE boundary and initial conditions 
Initially, at t=0, the temperature in the BHE is equal to the steady-state temperature 
in the soil: 
i o g sT (z,0) T (z,0) T (z,0) T (z,0)    
The first boundary conditions: 
i inT (0, t) T (t)  
The second boundary conditions: o
T (0, t)
0
z



 
 
These heat transfer partial differential equations are discretized based on the weighted cell-cantered-upwind second-order scheme. 
The velocity and temperature are discretized on a staggered grid, requiring that the velocity vector is situated at its surface, 
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whereas the temperature is situated at the cell centre as indicated in Fig.17 [151, 152]. The FVM model is validated by the 
measured data and analytical solution, where it is revealed that the approach is very precise even for a very short time.  
 
Fig.17. The discretization grid based on FVM [151, 152]. 
4.3 3D TRCM model  
4.3.1 3D TRCM model based on the FDM 
Diersch and Bauter [154, 155] proposed a series of 2D TRCM models for various BHE configurations, but the 2D models cannot 
correctly represent the vertical heat transfer within and nearby the BHE, soil temperature variation, and transient working fluid 
flow within the tubes as well as thermal short-circuiting between two legs of the tube. To solve these problems, Bauer et al. [112] 
proposed a 3D transient heat and mass transfer BHE model with satisfactory accuracy coupled with minimum computational 
demand.  
 
Fig.18. 3D TRCM model in the vertical direction [112]. 
Fig.18 displays a section of the model where several 2D horizontal models are linked to a 3D model in the vertical direction. 
Correspondingly, the BHE heat capacities and thermal resistances are summarised in Table 6. The proposed models have been 
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verified through ANSYS model for the outlet fluid temperature as presented in Fig.19. It is found that the transient model is in 
very good agreement with the ANSYS model and the maximum outlet fluid temperature error is 7.1% for a short period. 
Table 6 TRCM heat transfer equations [112]. 
Description Equations 
Heat transfer within the soil: the process of soil 
heat transfer is regarded as transient state. 
s1,i s1,i s2,i s1,i b,i s1,i s1,i 1 s1,i 1
2 1 1
s1 s1s2 bs1 soil s1
T T T T T 2 T T T1
[ ] 0
t C R R dz k A
 
 
     
    
  
 
sj,i sj,i s( j 1),i sj,i s( j 1),i sj,i sj,i 1 sj,i 1
2 1 1
sj sjs( j 1) s( j 1)sj soil sj
T T T T T 2 T T T1
[ ] 0
t C R R dz k A
   
 
 
     
    
  
 
Heat transfer within the grout:  
g1,i g1,i g2,i g1,i b,i g1,i 1,i g1,i g1,i 1 g1,i 1
2 1 1
g gg gb fg grout g1
T T T T T T T 2 T T T1
[ ] 0
t C R R R dz k A
 
 
      
     
  
 
g2,i g2,i g1,i g2,i b,i g2,i 2,i g2,i g2,i 1 g2,i 1
2 1 1
g gg gb fg grout g2
T T T T T T T 2 T T T1
[ ] 0
t C R R R dz k A
 
 
      
     
  
 
Heat transfer within the tubes:  
1,i g1,i fluid p,fluid1,i 1,i 1,i 1 1,i 1
1,i 1,i 12 1 1
fluid fg fluid f1
T T m cT 2 T T T1
[ (T T )] 0
t C R dz k A dz
 
 
    
     
  
 
2,i g2,i fluid p,fluid2,i 2,i 2,i 1 2,i 1
2,i 2,i 12 1 1
fluid fg fluid f 2
T T m cT 2 T T T1
[ (T T )] 0
t C R dz k A dz
 
 
    
     
  
 
Heat transfer within the working fluid:  
1,i g1,i fluid p,fluid1,i 1,i 1 1,i 1
1,i 1,i 12 1 1
fg fluid f1
T T m c2 T T T
(T T ) 0
R dz k A dz
 
 
   
   
 
 
g2,i g1,i g2,i b,i g2,i 2,i g2,i g2,i 1 g2,i 1
2 1 1
gg gb fg grout g2
T T T T T T 2 T T T
0
R R R dz k A
 
 
     
   
 
 
 
  
Fig.19. The outlet fluid temperature variation: (a) single; (b) double U-tube BHE [112]. 
4.3.2 TRCM 3D model based on FEM 
Diersch et al. [154, 155] proposed a numerical approach of the 3D TRCM model which is implemented by an extensively non-
sequential coupling method for the BHE discretization based on the FEM. Two types of the BHE configurations are presented 
in Fig.20 for the single- and double- pipes whereas the centred (CXC) inlet and coaxial pipes with annular (CXA) configurations 
are depicted in Fig.21. 
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Fig.20. The schematic of internal pipe–grout thermal resistance connections of a 1U BHE and 2U BHE [154]. 
 
Fig.21. The schematic of internal pipe–grout thermal resistance connections of a CXC BHE and CAX BHE [154]. 
These governing equations are discretized based on the FEM, which are verified by FEFLOW software. The numerical 
simulation results versus theoretical analysis data for four types of the BHE arrangements are presented in Fig.22.  
 
Fig.22. The schematic of temperature variations on four different types of BHEs [155]. 
As evidenced, all cases agree with each other. This comes with some advantages: (1) an accurate and practical applicability of 
the BHE transient heat transfer model; (2) a much greater flexibility in the arrangement of U-shape loop; (3) a precise heat flow 
along the U-tube loop in parallel or series arrangement. 
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4.3.3 Improved MTRCM model  
Pasquier and Marcotte [160] presented a quasi-3D TRCM model by combining the previous TRCM [131] and the spectral 
approach to simulate the working fluid temperature variation with time. The model is improved by considering the vertical fluid 
advection in the pipes as shown in Fig.23. In order to evaluate the accuracy of the modified approach, three comparison scenarios 
are analysed. It is found that the model can provide the results with a reduced computational time (in a few seconds) with 
deviations which are less than the measurement uncertainty. 
 
Fig.23. An example of network for 3 layers [154]. 
4.3.4 Simplified 3D TRCM (STRCM) model 
Minaei and Maerefat [133] developed a 3D equivalent thermal network STRCM model based on their 2D STRCM model as 
shown in Fig.24. The cylinder source model (ICS) is adopted to analyse the soil heat transfer nearby the BHE. The fluid outlet 
temperatures from the 3D STRCM are compared with the test data as presented in Fig.25 (a) for the first one hour and Fig.25 (b) 
for 50 hours. It is found that the model results and experimental data match each other. Therefore, the simplified 3D STRCM 
model can accurately predict the fluid outlet temperature. 
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Fig.24. 3D STRCM network [133]. 
 
Fig.25. The outlet fluid temperature of the STRCM and experimental data for different operation time: (a) for first one hour; (b) 
for 50 hours [133].  
4.4 Multiple Degrees of Freedom (MDF) model 
Wołoszyn and Goła´s [157-159] presented a 3D numerical model with multiple degrees of freedom (MDF) to calculate the 
thermal energy flow and the heat transfer within a single vertical BHE based on the FEM. This model significantly decreases the 
numerical calculation time. To precisely replicate the procedure of the heat exchange within a BHE, a single BHE model has 
been evaluated by approximating the grout to three nodes and dividing the region into three parts as shown in Fig.26. The 
mathematical description is given in Table 7.  
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Table 7 The mathematic description of MDF [157-159]. 
Description Equations 
Soil region:  
s s s s s s
s
T T T c ρ T
( ) ( ) ( )
x x y y z z λ t
       
  
      
 
Grout region:  
2
g1 g1
g g g ig1 i g1 g1g2 g2 g1 g1g3 g3 g12
T T
ρ c λ b (T T ) b (T T ) b (T T ) 0
t z
 
       
 
; 
2
g2 g2
g g g og2 o g2 g2g1 g1 g2 g2g3 g3 g22
T T
ρ c λ b (T T ) b (T T ) b (T T ) 0
t z
 
       
 
; 
2
g3 g3
g g g g3g2 g2 g3 g3g1 g1 g3 g3o o g3 g3i i g32
T T
ρ c λ b (T T ) b (T T ) b (T T ) b (T T ) 0
t z
 
         
 
; 
Pipe and fluid regions:  
2
s i i i
f f f f i f ig1 g1 i ig3 g3 i2
T T T T
ρ c ρ c u λ b (T T ) b (T T ) 0
t t z z
   
      
   
; 
2
g2 g2
g g g og2 o g2 g2g1 g1 g2 g2g3 g3 g22
T T
ρ c λ b (T T ) b (T T ) b (T T ) 0
t z
 
       
 
; 
Initial conditions:  
sT T(z, t)  for t=0 
 
Boundary conditions:  
 
 
 
 
   
iT T (z, t)  for z=0 
g1,g2
g g1s,g2s g1,g2 s
T
λ b (T T )
z

  

 
 
The results obtained from the MDF model for temperature variations are compared to the Diersch’s model and quasi-3D ANSYS 
model data. It is found that slight errors are obtained for the MDF and Diersch models with about 5.5% and 7.5%, respectively. 
The merit of the MDF approach over the Oppelt et al. [110] method is that the MDF utilizes the FEM with quadratic shape 
function which enhances the computational performances. Alternatively, the superiority of the MDF method over the Diersch et 
al. [154, 155] approach is that the MDF model separates the grout domain into three regions. As a result, it considers the effect 
of temperature difference between two legs of a U-tube. 
 
Fig.26. The diagram of BHE with subarea [157]. 
In further development, Wołoszyn and Gołas [158] applied the MDF approach to investigate the influences of various parameters 
on the BHE behaviour. This modified MDF model has been analysed by using the ANSYS software package [159]. The results 
indicate that the thermal conductivities of the grout and the soil have significant effects on the BHE efficiency. It is also confirmed 
that the presented approach can significantly decrease the computational time and estimate the impact of the selected parameter 
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on the BHE efficiency for the short-term operation. The model has been identified as a tool for the long-term performance 
prediction, system optimisation and calculation of the effective soil thermal conductivity. In this study, a significant reduction 
of CPU time is noted with numerical results proved to be in good agreement with the measurement data, implying that the MDF 
model is suitable for application in engineering practice. 
4.5 Summary of 3D models 
By taking into account the transient working fluid within the pipe and its thermal capacity, the 3D models could be more precise 
and realistic than the 2D models. For a complete analysis of the BHE, merely 3D models could be used because the heat transfer 
in the ground layers and the working fluid flow state as well as the boundary conditions are taken into account. Therefore, several 
3D discretised methods have been developed to provide a more precise and comprehensive analysis for the BHEs as illustrated 
in Table 8. From the above reviews in this section, the 3D models have been indicated to be more advantageous in that the 
dynamic working fluid along the pipe can be characterized accurately with the consideration of the temperature variation within 
the BHE depth. Also, various layers of the soil can be explicitly represented and the weather data can be utilized as the boundary 
condition at the soil surface, in addition to allowing the consideration of the soil region underneath the BHE. Furthermore, the 
heat transfer at the bottom of the BHE can be evaluated. Lastly, the thermal interferences among multiple BHEs with different 
configurations can be investigated. In addition to the above merits, the 3D models are also utilized to analyse the effects of the 
undisturbed soil temperature, the thermal short-circuiting between two legs of the U-tube, the boundary conditions at the top and 
bottom as well as the effect of the groundwater movement. However, the main drawback of the 3D discretized models is the 
long computation time because of the multiple components needed for proper discretisation. 
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Table 8 The comparison of 3D models. 
3D models 
Model Name Ref. Assumption conditions Boundary conditions Special findings 
Method used Error analysis Scope of Applications 
Zeng’s model 
Zeng et al. 
[71] 
1) The soil is assumed as a uniform 
semi-infinite medium and thermal 
physical properties cannot change 
with time; 2) The medium is 
assumed as a uniform initial 
temperature; 3) The radial 
dimension of the BHE is ignored; 4) 
The heat transfer rate per unit length 
is uniform and constant.  
1) The boundary condition of medium: the soil surface 
maintains a constant value that is the similar as its initial 
temperature; 2) The temperature is chosen as its 
representative temperature at the middle of the depth.  
1) Based on the FEM; 2) The 
heat transfer model is 
divided into two parts: inside 
and outside BHE.  
The comparison is a good 
agreement between Kelvin’s 
model and the finite line 
source method.  
1) To analyze the thermal 
resistance without the 
BHE for long term steps; 
2) To analyze the thermal 
short-circuiting between 
two legs of U-tube pipe; 
3) To contribute to 
develop for engineering 
design and thermal 
analysis of vertical BHE. 
R Al-
Khoury 
model 
3D steady 
state 
model 
Al-Khoury and 
Bonnier [99] 
1) Heat transfer in the BHE is 
assumed as steady state; 2) The heat 
pipe region is assumed as 1D model.  
1) For heat flow field within soil layer: 
s s s
x x y y z z
T T T
λ n λ n λ n h 0
x y z
  
   
  
 
s s s
x x y y z z as s a
T T T
λ n λ n λ n C (T T ) 0
x y z
  
    
  
  
s
z z gs s g
T
λ n b (T T ) 0
z

  

 
2) The grout boundary conditions:  
g
g sg g s
T
λ b (T T )
n

  

 
1) FEM---Petrov-Galerkin 
method; 2) Based on the 
variation method and the 
weighted residuals approach.  
The error along the pipe is 
less than 1.5% between 
proposed model and 
analytical solutions. 
1) This model is able to 
analyse 3D steady-state 
heat transfer model; 2) 
This model is able to 
solve the inherit aspect 
ratio issue in BHE 
system. 
3D 
transient 
model 
Al-Khoury and 
Bonnier [100] 
1) The groundwater flow is regarded 
as in fully saturated porous soils in 
deep aquifers; 2) The heat pipe 
region is assumed as 1D model. 
The boundary conditions: 
s s s
x x y y z z as s a
T T T
λ n λ n λ n C (T T ) 0
x y z
  
    
  
 
s
z z gs s g
T
λ n b (T T ) 0
z

  

 
T=T(z,t); 
g
g sg g s
T
λ b (T T )
n

  

 
1) FEM---Petrov-Galerkin 
method; 2) The  weighted 
residuals approach. 
The maximum error is 
0.5 °C between proposed 
model and analytical 
solutions. 
1) This approach is able 
to analyse a pseudo 3D 
heat flow in a U-tube 
loop BHE using (1D) 
FEM; 2) This approach is 
utilized for resolving the 
resulting non-linear 
system of formulations.  
M. Nabi FVM model 
Nabi and Al-
Khoury [151, 
152] 
1) For the fluid flow in the soil, at 
t=0, the hydrostatic head is assumed 
as
0φ(x, y,z,0) φ (x, y,z)  
2) For the heat flow within soil 
volume: at t=0, the initial condition 
is assumed as the steady-state 
condition:  
T(x, y,z,0) f (x, y,z)  
3) For the BHE region, at t=0, 
i 0 g sT (z,0) T (z,0) T (z,0) T (z,0)  
 
1) For groundwater flow within soil volume:  
1φ(x 0, y,z) φ  , on x=0 surface; 
2φ(x L,y,z) φ  on x=L surface; 
k φn J  , on any of the boundary surfaces;  
2) For the heat flow within soil volume: 
T(x, t) f (x, t) , on a point or a surface x; 
n as s aλ T b (T T )   , on the surface in contact with the 
air; 
gs s g
T
λ b (T T )
n

 

, on the surface in contact with a 
BHE; 
3) For the BHE: 
The first boundary condition: 
i inT (0, t) T (t)  
Based on FVM 
 
 
The results are in the order 
of ±1 °C from those gained 
from the field constituting 
an error of less than 4% on 
average. 
The mode is used to 
simulate 3D heat transfer 
procedures for multiple 
BHEs embedded in 
different of soil layer. 
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The second boundary condition: o
T (0, t)
0
z



 
MDF model 
Wołoszyn and 
Gołas [157-
159] 
1) A 1D component with multiple 
degrees of freedom is assumed in 
this model; 2) The inlet-pipe 
temperature is known. 
 
 
1) The Dirichlet boundary condition:  
iT T (z, t) for z=0;  
2) The Neuman boundary condition:  
g1,g2
g g1s,g2s g1,g2 s
T
λ b (T T )
z

  

 
1) Based on Oppelt’s model; 
2) The FEM is applied in 
order to discretize these 
equations.  
The mean error for the entire 
simulation do not exceed 
5.5% for this model. 
The model is used to 
analyse the effect of 
related parameters on the 
efficiency of ground 
thermal energy storage.  
Spectral model 
 
BniLam  and 
Al-Khoury 
[165] 
The temperature within the BHE is 
equal to the steady state temperature: 
i 0 g sT (z,0) T (z,0) T (z,0) T (z,0)     
i inT (0, t) T (T)   
i oT (L, t) T (L, t)  
 
1) For a single U-tube BHE:  
g
g g ig g i ig og g o og
T (z, t)
λ A b (T T )ΔS b (T T )ΔS
t

    

 
gs g s sgb (T T )ΔS   
Using the Fourier transform 
based on the Al-Khoury’ 
model. 
The error is about 2°C 
between the spectral model 
and van Genuchten model. 
1) This model is used to 
estimate unsteady state 
heat transfer with friction 
heat gain within a single 
BHE; 2) To calculate the 
coupled partial 
differential formulations. 
3D TRCM 
model 
Based on 
FDM 
Bauter et al. 
[129, 130] 
1) BHE thermal capacities are 
ignored; 2) This horizontal heat 
exchange region among these nodes 
are ignored.  
 
This boundary conditions: 
jn
k k k
j
k 1 k
ρ c υ
C
R
 , j=1…n 
Based on an explicit FDM.  The error is less than 1.5% at 
any time for the BHE inlet 
temperature. 
The model is well used 
for incorporation into 
unsteady state energy 
simulation process. 
Based on 
FEM 
DierschJG. et 
al. [154, 155] 
1) For pipe region, the radial heat 
transfer from the pipes is assumed to 
direct to the grout regions; 2) For the 
grout region, the heat transfer is 
assumed to direct to the nearby soil; 
3) Assuming that the heat coupling 
only takes place via the grout field.   
1) Thermal boundary conditions:  
Dirichlet-type BC: R
s sT (x, t) T (T)   
Neumann-type BC: R
nTs nTs sq (x, t) q (t) (Λ T ) n      
Cauchy-type BC: 
G
nTs sg gi s
i 1
q (x, t) φ (T T )

    
Two methods are utilized: 
(1) The analytical method 
depended on Eskilson’s 
model; (2) This numerical 
approach relied on Al-
Khoury et al.’s model; 3) 
These equations are 
discretized through FEM. 
An error tolerance of 
4φ 10 is used.  
1) To simulate the 
thermal exchange 
between borehole 
components; 2) To 
estimate the performance 
of double 2U pipe, single 
1U pipe, CXA and CXC; 
3) This model is used for 
calculating the 
performance of a BHE 
thermal energy store.  
3D 
MTRCM 
model 
Pasquier and 
Marcotte [160] 
1) To find the heat flux q1 and q2, 
assuming that two pipes kept at 
constant temperatures T1 and T2 
under a steady-state; 2) Sub-
capacities are assumed in at each 
node between the sub-resistances. 
1) A constant temperature, equal to Tg, is used for the 
nodes corresponding to the radial boundary and to the 
base of the domain; 2) Inlet temperature is expressed as 
a function of the outlet loop temperature Tout by
in outT (t) T (t) ΔT(t)  .  
The model is based on the 
Delta-circuit thermal 
resistance method.  
1) For the fluid region, the 
max error is 0.084 °C; 2) For 
the BHE region, the max 
error is 0.235 °C.  
This method is applied as 
a response approach to 
produce normalized 
transfer functions.  
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5. Further developments and EP foundation models 
5.1 Innovative approach models 
Qi et al. [161] proposed a method that uses phase change material (PCM) as the backfill material to improve the BHE thermal 
behaviour. In this study, four backfill materials are utilized including the soil, paraffin RT27, acid and enhanced acid. The 
combined effect of the initial soil temperature and shank spacing on the BHE thermal performance is also analysed. Wei et al. 
[162] analysed a simplified CMILS model to decrease the computational time of the short-term step response g-functions for the 
vertical BHE. It is found that the model results are in agreement with the test data for the short-term operation. Kuzmix et al. 
[163] developed a 2D finite volume numerical model to examine the complex U-tube geometries. This model is applied to 
analyse and predict the temperature variation and the allowable ‘ground fouling’ within the hybrid and non-hybrid GSHP systems 
for long-term operation. Ruiz-Calvo et al. [142] proposed a borehole-to-ground (B2G) transient approach by integrating a 2D 
thermal grid model with a vertical discretization of the BHE region. The simulation results are validated against the experimental 
data in the GeoCool plant [143]. The results indicate that the B2G model can generate the outlet fluid temperatures for all 
experimental conditions. Lee [164] improved a 3D model [97] to analyse the short-term step performance of the BHE, by 
considering the effects of the working fluid flow within the U-tube pipe and the grout thermal capacitance. In this study, a ‘plug-
flow’ method is used to simulate the working fluid performance. BniLam and Al-Khoury [165] presented a semi-analytical 
approach for unsteady heat flow inside a single U-tube BHE with friction heat. The impact of friction heat is demonstrated based 
on a series of equations depicting heat flow within three individual components of the BHE. The time region is discretized by 
the spectral analysis method whereas the spatial region is discretized through the eigenfunction expansion approach. The main 
merit of the proposed model is that it can be utilized for many applications, such as high fluid viscosities and velocities, fluid 
flow in the narrow pipes with and without the composite materials. Dehkordi et al. [166] studied a tight BHE design with a small 
shank spacing to improve the heat transfer efficiency, whereby the impact of shank spacing on the BHE thermal resistances with 
a 3D finite element model is accurately investigated. Minaei and Maerefat [167] developed a simple 2D analytical approach for 
the BHE heat transfer model within a short-term period, and revealed that the average working fluid and the BHE wall 
temperature gained from the proposed analytical approach agree with the reference numerical data. The developed analytical 
approach is suitable for predicting the BHE short-term thermal response and can be integrated in building simulation software. 
Hu [168] studied a 3D analytical model in which the groundwater movement in multiple-layer geologies is considered to analyse 
the long-term temperature response of the soil nearby the BHE with an unbalanced dynamic load. It is found that the higher the 
groundwater velocity, the quicker the soil temperature stabilizes. The results also indicate that the closeness of the pipes to the 
BHE wall is more important than the pipe separation in reducing the BHE thermal resistance. The comparison of all the discussed 
proposed 2D and 3D models is presented in Table 9.  
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Table 9 The comparison of 2D and 3D models. 
Comparison of 2D and 3D models 
 Model Name Ref. Methods Operation time Impact factors 
The effect 
of axial 
effect 
The fluid 
temperature 
variation 
along the 
pipe wall 
 
The effect 
of thermal 
capacity of 
the soil 
 
The effect 
of thermal 
capacity of 
the BHE  
The effect 
of BHE 
thermal 
resistance 
 
The effect 
of thermal 
short-
circuiting 
The 
effect of 
spacing 
shack 
 
The effect of 
groundwater 
flow 
2D 
models 
2D FVM model  Yavuzturk C 
[78,79] 
FVM Short time step 
        
Equivalent 
Diameter Model 
Gu and 
O’Neal [107, 
115] 
FDM Transient 
        
EWS model  Wetter M and 
Huber A [109] 
FDM Short time step 
        
MISOS model Oppelt et al. 
[110] 
Division 
region 
method 
Long time step 
        
CaRM model  Carli et al. 
[111] 
FDM Short time step 
        
CMILS model Li and Yang 
[113, 114] 
G-function Short time step 
        
Improvement 
CaRM 
Zerrella et al. 
[125] 
 
FDM Long time step 
        
CaRM-He Zerrella et al. 
[126, 127] 
FDM Long time step 
        
TRCM model Bauer et al. 
[129, 130] 
Delta-
circuit 
theory 
Short time step 
        
MTRCM model Pasquier and 
Marcotte 
[131] 
Delta-
circuit 
theory 
Short time step 
        
B2G model  Ruiz-Calvo F 
andRosa MD 
[141-143] 
Thermal 
network 
model 
Short time step 
        
A homespun 2D 
model  
Kuzmic et 
al.[144]  
FVM Long time step 
        
Semi-analytical 
model  
Belzile et al. 
[145] 
FVM Long time step 
        
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New 2D 
analytical model  
Lamarche 
[146]  
Equivalent 
method 
Short time step 
        
3D 
models 
Al-Khoury R 
model 
Al-Khoury 
and Bonnier 
[99, 100] 
FEM Long or short 
time step         
Nabi M. FVM 
model 
Nabi and Al-
Khoury. [151, 
152] 
FVM Long time step 
        
MDF model  Wołoszyn and 
Gołas [157-
159] 
FEM Long time step 
        
Spectral model  
 
BniLam and 
Al-Khoury 
[165] 
Fourier 
transform 
Long time step 
        
3D 
TRC
M 
model 
Based 
on FDM 
Bauter et al. 
[129, 130] 
FDM Short time step 
        
Based 
on FEM 
Diersch et al. 
[154, 155] 
FEM Long time step 
        
3D 
MTRC
M 
model 
Pasquier and 
Marcotte 
[160] 
Delta-
circuit 
thermal 
resistance 
Long time step 
        
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5.2 EP foundation models 
For the GSHP system, a large and expensive land area is needed for mounting the BHEs. Unfortunately, the required land is 
unavailable in some urban regions. Thereby, the utilization of building pile foundations as BHEs have attracted much attention 
for decreasing the expense and land area as well as improving the heat transfer rate [13, 169-171]. Fig.27 shows a EP foundation. 
 
Fig.27. The EP foundation construction [172]. 
An EP has a dual-function composed of the building foundation and heat exchanger. The impact of thermal medium on the pile 
mechanical load requires to be analysed. The EP heat transfer mechanism is similar to that of a BHE system. The thermal energy 
is transferred from the ground to the EP in heat extraction period and vice versa in heat rejection period. Although direct energy 
or exergy analysis utilized for a conventional GSHP system [13, 173-175] has not been applied to the EP system, it is confirmed 
that the EP system is more efficient as it improves the heat transfer and heat storage due to the existence of the concrete nearby 
the pipe. Bozis et al. [170] presented an approach to assess the design options for cast-in-place EPs which depend on the line 
source theory. The results indicate that the temperature variation at the axis of a pile does not rely on the pipe geometrical 
construction, heat flow condition and the number of U-tubes. Hu et al. [176] proposed a new composite cylindrical EP analytical 
model which is used to study the unsteady heat transfer during the early period of thermal response, in which the pile heat 
capacity is also considered. Subsequently, a validation is made between the results of the developed analytical method and that 
of the 3D numerical method which indicates that both agree. Gao et al. [177] developed a numerical method for the W-shaped 
tube based on the solid/fluid coupled heat transfer within the EP by considering the energy conservation of the working fluid, 
soil and concrete pile. It is found that there is uniformity between the numerical and the experimental results. The W-shaped EP 
is preferred as the most efficient one for the practical application in terms of thermal performance. Lalouin et al. [178] developed 
a numerical thermo-hydro-mechanical (THM) approach to assess the heat transfer within the saturated soil porous media. This 
Biot-type model is studied based on the homogenization theory [179]. Bandos et al. [180-182] proposed the finite cylindrical 
source model with constant heat flow embedded into a semi-infinite medium to assess the temperature variation of an arbitrary 
B configuration within the EP. Loveridge and Powrie [183] proposed a 2D analytical model based on thermal resistance theory 
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to investigate the heat transfer process within a pile. In addition, it is also used to determine the shape factors for various piles 
and pipe geometries. The results are then employed to define the limits of the traditional design assumptions, and establish an 
empirical equation for calculating the temperature variations of the ground and working fluid.  
 
Fig.28. The EP modelling approach [184]. 
Zarrella et al. [184] examined the helical and triple U-tube configurations within the EPs through numerical simulation and 
measurement as shown in Fig.28. The numerical model is developed based on the improved CaRM method [129], which is used 
to investigate the transient heat transfer issues and evaluate n-U-tubes performance through using the electrical analogy theory. 
The thermal capacity of the BHE is also considered including both the working fluid and the grouting material. It is concluded 
that the helical-pipe EP has better heat behaviour than the triple U-tube.  
6. Previous reviews on BHE model 
Several researches have reviewed the state-of-the-art and the worldwide adoption of the BHE. As a result, the recent reviews are 
covered in this section. Yang et al. [12] summed up the normal simulation models of the vertical BHE systems. The different 
types of simulation programs for the vertical BHE units are also covered in the same study. Lamarche et al. [56] reviewed the 
2D thermal borehole resistance approaches to compare the equations used to assess the heat transfer behaviour of the GSHP. 
Meanwhile, the impact of the axial temperature variation on the BHE design is also investigated using a 3D numerical model. 
Moreover, the authors have also developed a novel method to calculate the borehole interior thermal resistances and heat flow 
rate. Ruan et al. [51] made a summary on the cylinder source, line source, 2D and 3D numerical models to analyse heat transfer 
performance within single and multiple BHE systems. The work raises awareness of various hypotheses and methodologies for 
these models with their merits and demerits clearly outlined. Atam and Helsen [185] presented the state-of-the-art heat transfer 
models of the BHE system and summarized in detail the optimal control models. The pros and cons of each control method are 
articulated and the factors influencing the heat transfer rate are presented. In the meantime, the practical projects on the optimal 
control of the GSHP or hybrid GSHP system are also discussed including some suggestions on the future work. In another review 
[186], some case studies and relevant results are presented based on the optimal design of the BHE. Li and Lai [187] provided 
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an overview of the heat transfer processes within the BHE and EP through diverse analytical models, and summarised the thermal 
variation process of the BHE with time and space scales where six analytical approaches are compared. They also gave some 
critical references, descriptive details and the challenging issues on heat transfer rate. Soni et al. [188] summarised the past 
researches in the form of test and numerical studies and posed some critical questions the behaviours of the earth-air heat 
exchanger (EAHE) and GSHP systems, with the advantages and disadvantages of 1D, 2D and 3D models. Through analysis and 
comparison, it is noted that the GSHP system has 10%-20% higher energy saving than the EAHE system. Spitler and Gehlin 
[189] clarified the historical perspective and development of GSHP system during the period between the 1980s and 1990s. 
Bayer et al. [48] demonstrated the development process of the GSHP technology for reducing the GHG emissions since 2000 
and discussed the amounts and capacities in various counties over the previous decade. The analysis of results indicate that 3.7 
million tons of CO2 can be saved in comparison to the traditional technologies. Luo et al. [190] examined the previous works on 
the soil investigation for the BHE. Briefly, the study is classified chiefly into three groups: investigation of hydraulic properties, 
determination of thermal properties and thermo-physical properties of the common geological materials. Moel et al. [13] 
examined the technical background, environmental effects and operation experiences of the EP system in the past decades. 
Suryatriyastuti et al. [191] analysed the heat transfer mechanism within the pile foundation. The method is recommended to meet 
the thermal and structural capacities by carefully designing a system in geotechnical and mechanical aspects. The main advantage 
of these EPs is the foundation components that serve as heat exchangers needed for structural purpose but not necessary to be 
installed separately. On the other hand, the concrete as the heat transfer intermediate in the EP system improves the system 
efficiency owning to its high thermal conductivity and capacity. As a result, in addition to significantly reducing the installation 
cost and land utilization, the EP foundations can increase the thermal productivity and preserve the environmental sustainability. 
Several reviews have been presented regarding the main issues in the application where it is observed that the effect of thermal 
energy generated depends upon the ground, saturation degree, groundwater flow and specifications of the heat pump system. 
Faizal et al. [192] also reviewed the multidisciplinary approaches to improve the performance of each component within the EP 
system. The nanofluid proposed by the authors is regarded as the working fluid to improve the fluid conductive-convective heat 
transfer. 
7. Important observations and recommendations for future research 
The development of BHE heat transfer models is a significant challenging field of research. The models are regarded as a critical 
tool for predicting the thermal performance of a BHE system, which consider the thermal interaction of the BHEs, the impact of 
the groundwater flow and dynamic soil surface boundary condition, soil property, long-term and short-term operations and so 
on. Furthermore, some approaches are also essential to evaluate the environmental and economic benefits of the GSHP system. 
Nevertheless, few researches on 2D and 3D heat transfer models for the vertical BHE have been summarized in detail.  
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The majority of the 2D models are developed via the thermal network and delta-circuit thermal resistance methods, in which the 
BHE and nearby soil are presented using a sequence of temperature nodes linked by thermal resistances. Many modifications 
have been proposed based on the thermal resistance network, typically by adding more nodes to the grid, or classifying the BHE 
into two or more regions, on the basis of the interior BHE geometrical construction. Nevertheless, when higher precision is 
needed, more nodes need to be added, leading to a large number of equations that must be appropriately resolved to suit for a 
long-term simulation demand. Because of a great number of differential equations required for an adequate discretization within 
the BHE region, some models are restricted to the 2D depiction.  
The 3D models are more dynamic and implemented by applying the advanced technology. They can provide the most accurate 
description of all physical characteristics of the BHE. In other words, the 3D models allow any type of geometry that contributes 
to calculating the temperature variations surrounding the BHE and in the depth of the soil. On the other side, the 3D models can 
evaluate the dynamic working fluid flow along the pipe loop. Various soil layers can be explicitly included in the analysis and 
the effect of the climate change on the soil surface boundary layer can be assumed. The 3D models can also be employed to 
determine the effects of the working flow rate, shank spacing, thermal conductivities of the soil and grout, BHE depth on the 
mean heat flux per unit length, thermal short-circuiting loss rate and outlet fluid temperature. Although more effort has been 
concentrated on the improvement and application of the 2D and 3D models, there are still a few fields that need to be given 
attention to make the framework for the future research so as to extend the applicability of GSHP technology. These fields are 
summarized as follows: 
 The most current simulation approaches have never considered the effect of the groundwater movement on the performance 
of the BHE system, where the thermal interaction is greatly sensitive to the BHE number, depth and spacing. Hence, future 
research should concentrate on this aspect.  
 The dynamic soil surface temperature should not be assumed as a constant value or an adiabatic boundary value owing to 
many complex procedures and interactions taking place within the nearby surface. In other words, a precise numerical model 
must consider the effects of the wind speed, ambient temperature, solar radiation, cloud cover, relative humidity, rainfall, 
snow cover and surface reflectivity. 
 The computer programs should be verified through the experimental data and a comprehensive evaluation is extremely 
required to study their applicability for academic and engineering practices.  
8. Conclusions 
The analytical and numerical models for the vertical BHE in the GSHP system have been presented to clarify the complicated 
heat transfer mechanism between the ground and the BHE. As a result, an overview of the currently available 2D and 3D vertical 
BHE models has been presented and some critical conclusions are drawn as follows: 
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 The heat transfer models of various BHE geometrical configurations have been discussed including the W-shaped, helical 
shape, coaxial shape, single, double and triple U-tube loops. The double U-tube loop has been noted with superior 
performance compared to the single and multiple U-tube loops. On the other hand, both the coaxial and helical pipe loops 
have been noted with better performance in terms of heat exchange in comparison with the U-tube pipe loop.  
 The majority of the 2D models are developed based on the delta-circuit thermal resistance method, in which the BHE and 
nearby soil are represented with a set of temperature nodes linked through the thermal resistances. The typical thermal 
network is noted as the delta grid, with one node on each U-tube pipe and the other node at the BHE wall. Several 
modifications to the thermal resistance grids are proposed, typically by adding more nodes to the grid, or by classifying the 
BHE into two or more regions, based on the interior BHE geometrical construction. It has been emphasized that the 2D 
models can also be applied for simulating the performance of the GSHP, soil temperature, BHE wall temperature in addition 
to the inlet and outlet fluid temperatures. Owing to a considerable number of differential equations required for sufficient 
discretization of the BHE region, some approaches are restricted to 2D representation. Although the 2D models require less 
computing effort, they are less suited for the comprehensive design and simulation. To address the above issues, many 
studies have been implemented to investigate the heat transfer within BHEs by using the 3D models.  
 The 3D models have been found to be advantageous because the working fluid temperature can be accurately simulated. 
Different layers of the soil can be explicitly catered for based on the weather, boundary and initial conditions at the ground 
surface. The soil region underneath the BHEs is considered, and the heat transfer at the bottom of the U-tube can be evaluated 
as well. The thermal interferences among the multiple BHEs can be investigated, in addition to the other benefits of the 3D 
models like the determination of the effects of the undisturbed ground temperature, thermal short-circuiting between two 
legs of the U-tube and groundwater movement on heat exchange. However, the main disadvantage of the 3D discretized 
models is their long computing time because of the complicated heat transfer and discretization processes. 
 In terms of future studies, firstly, different computer programs should be further verified by experimental data, and a 
comprehensive assessment is greatly required to clarify their accuracies to boost the confidence of their applications for 
research and engineering practices. Secondly, the effects of the wind speed, ambient temperature, solar radiation, cloud 
cover, relative humidity, rainfall, snow cover and surface reflectivity should be considered in the numerical models. Finally, 
an ideal design solution for GSHP systems is extremely required, which can deal with the simultaneous interactions among 
the BHEs, supplemental heat extraction or rejection of the GSHP systems. 
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